We theoretically investigate surface acoustic waves with horizontal polarization (SH-SAWs) propagating in a three-layer system consisting of an elastic substrate and two viscoelastic overlayers. For the limiting case of an acoustically thin middle layer and an infinite top layer, we derive analytical expressions for the phase velocity shift and the wave attenuation. These expressions demonstrate the importance of taking into account the viscoelastic coupling between the two overlayers. Numerical calculations using a combined Maxwell/Voigt scheme confirm our analytical results and also indicate that it is possible for viscoelasticity to cause SH-SAWs to vanish.
Introduction
The dynamics of soft polymeric and biological materials can be characterized by measuring their viscoelastic response to oscillatory stress [1] . This is the underlying principle of acoustic sensors in soft-matter applications, which broadly can be categorized into those using bulk acoustic waves (e.g. a quartz crystal microbalance, or QCM) and those using surface acoustic waves (SAW) (for a review, see e.g., refs. [2] [3] [4] [5] ).
SAW sensors are beneficial in many applications due to their higher operational frequencies enabling an increased sensitivity [6] [7] [8] [9] . For sensor applications in liquids, which is typical for biological applications, SAW sensors usually use shear-horizontal surface acoustic waves (SH-SAW), since out-of-surface vibrations result in large viscous losses [10] .
Since the utility of SH-SAW sensors in liquids was first reported in the 90s [10, 11] , these devices have become increasingly used for in situ characterization of biomolecular layers [12, 13] and enabled probing of the masses and material properties of biological layers formed by adsorption of e.g., proteins, lipid vesicles, and cells, from a bulk solution onto the sensing surface [14, 15, 5] . Both QCM [16] and SAW [14] experiments show that these biological layers cannot be considered as rigid films, but must rather be treated as viscoelastic. Also, an alteration in physical parameters (e.g., temperature, water content, interaction energy with the substrate) or addition of chemical compounds (e.g., lipids [13] , peptides [16] ) may significantly influence the softness of these layers.
In a typical SH-SAW sensor experiment, the phase velocity shift and the wave attenuation due to the presence of overlayers on the sensing surface is measured [5, 17] . By comparing with theory, these quantities can then be related to e.g., deposited surface mass and viscoelastic parameters. As has been learned from studies of the QCM [18, 19] , many standard assumptions for the system response break down when considering soft (viscoelastic) materials, e.g., for a QCM operated in a liquid environment there is a deviation [19] from the linear mass response predicted by the Sauerbrey relation [20] and the KanazawaGordon term for viscous loading [21] . Theoretical work is thus vital for a correct interpretation of sensor data, and is typically based on a continuum mechanics treatment of multilayer structures [22, 23] , composed of elastic [24] , viscous [25, 26] or viscoelastic materials.
In a recent paper by Liu [27] , the wave attenuation and mass sensitivity of a SH-SAW sensor was derived from a model comprised of a viscoelastic guiding layer (described by the Maxwell-Weichert model) on top of a piezoelectric elastic substrate. Oh et al. [28] studied a model with a viscoelastic guiding layer sandwiched between two rigid layers, resting on top of an elastic substrate. They then derived expressions for the sensor-optimized layer thicknesses. A model with three to four viscoelastic layers (described by the Maxwell model) resting on an elastic substrate was studied by McHale, Newton, and Martin [29] . They derived the dispersion equation for arbitrary layer thicknesses and analyzed it for the purpose of deriving the mass sensitivity from the dispersion curve. However, the authors did not consider the effect of viscoelastic coupling between the overlayers.
Here, we study the propagation of SH-SAWs in a system consisting of two viscoelastic layers on the surface of an elastic substrate. We demonstrate the effect of viscoelastic coupling on the phase velocity shift and the wave attenuation and show that this effect cannot be neglected when interpreting SH-SAW sensor data for soft layers in liquid-phase environments -a situation typical of biosensors. We also use our model to analyze glycerol/water mixtures, which have been used in the calibration of biosensors [14] . Finally, we consider estimation of the viscoelastic parameters of a soft film from SH-SAW sensor data, with particular emphasis on the disentanglement of the elasticity and the viscosity.
In Section 2 we derive the general dispersion equation of this system. In Section 3.1 we then give analytical expressions for the phase velocity shift and attenuation for the limiting case of a thin film oscillating in a bulk liquid. These expressions could be used for mass and parameter estimation from experimental measurements. We then analyze numerical solutions for the phase velocity shift and attenuation in Section 3.2 using a combined Maxwell and Voigt scheme.
Model
We consider a three-layer system consisting of an elastic solid substrate (index 0), a viscoelastic middle layer (index 1) and a viscoelastic top layer (index 2), see Fig. 1 . The solid substrate occupies the negative half-space z b 0 The middle layer rests on top of the substrate and has thickness h. On top of that rests the top layer, which has thickness Δ h. We will use continuum mechanics to derive a general solution for a SH-SAW propagating on the surface of the solid substrate, in the interface between the substrate and the middle layer (z = 0). The displacement field of the SH-SAW penetrates into the middle and top layers, requiring a matching of solutions at the boundaries. The SH-SAW is taken to propagate in the y-direction, with shear displacement in the x-direction (Fig. 1) .
In the solid substrate (index 0), the displacement field of a SH-SAW (which involves no compression) is given by the transverse wave equation [30] :
where we have defined the speed of sound in the substrate, v 0 , in terms of the substrate elastic shear modulus μ 0 and mass density ρ 0 . When we consider a plane wave in the y-direction (∝ exp ( − iky + iωt)), with displacement in x-direction only, u ! 0 ¼ ðu 0 ; 0; 0Þ, and note that, due to symmetry, the displacement should be independent of x, u 0 = u 0 (y,z), we find that
where we kept only the solution which decays into the solid (negative z-direction). A 0 is an amplitude, not specified by the theory. We have
which is the wavevector z-component times the imaginary unit. The real part of ϰ is the inverse penetration depth into the bulk substrate.
We will now consider SH-SAW solutions in the middle (index 1) and top (index 2) viscoelastic layers. The viscoelasticity of the two layers can be modeled by complex shear moduli [1] , and the displacement field of a SH-SAW is found in an analogous way. However, due to the finite extent of the layer in the z-direction, we must now keep both solutions. We find
where A 0 has been factored out for convenience, and
where ρ i is the mass density of layer i. Eqs. (2), (3), (4), and (5), give the general solutions for a SH-SAW in each of the three layers. Suitable boundary conditions must now be used to relate solutions in different layers to each other. We will adopt the no-slip boundary condition, meaning that both the velocity of the displacement and the viscoelastic stress should vary continuously across layer boundaries. At the interfaces between media, at z = 0 and z = h, we thus require that the velocities in the two media should be equal,
This gives us two equations for the coefficients:
At the same two interfaces we also require that, for a normal vector n ! directed into one of the media (i.e. away from the other),
where σ jk (i) is the stress tensor in layer i. Since we have n ! ¼ ð0; 0; 1Þ and, for a SH-SAW (σ jj =0), the stress tensor is given by [30] 
where u jk (i) is the corresponding strain tensor, we get, using Eqs. (2) and (4), is an elastic solid, whereas the middle (index 1) and top (index 2) layers are viscoelastic. The boundaries between the layers are at z = 0 and z = h, with a free top surface at z = h + Δh. On the substrate surface, z = 0, a SH-SAW propagates with wavevector in the y-direction (dashed red arrow) and displacement in the x-direction (blue sinusoidal line, x is directed out from the paper). Each layer covers the entire xyplane.
At the free top surface at z = h + Δh we have zero stress. From this, using Eqs. (10) and (4), we get
Eqs. (7), (8), (11), (12) , and (13) are five equations for five unknown coefficients A 1 , A 2 , B 1 , B 2 and ϰ (the amplitude of the substrate SAW, A 0 , is a parameter). Solving these equations for ϰ leads to
where we have defined
Since ϰ, ξ 1 and ξ 2 all depend on k and ω (see Eqs. (3) and (5), Eq. (14) is an implicit dispersion equation for the SH-SAW. By substituting ξ 1 , ξ 2 , and k with ϰ, it becomes an equation for ϰ, which is the variable we solve for. In Section 3.1, we relate the solution ϰ to measurable characteristics, specifically the phase velocity shift and the attenuation.
Results and discussion

Phase velocity shift and attenuation
The dispersion Eq. (14) can, in the long-wavelength approximation, be related to measureable characteristics of the system. These characteristics are the phase velocity shift Δv / v 0 (relative to the speed of shear waves in the bulk substrate, v 0 → v 0 + Δv) and the attenuation coefficient Γ (the wave decays exponentially during propagation, u ∝ exp (−Γy)). The phase velocity shift of a long-wavelength SH-SAW is given by
and the attenuation coefficient (scaled by the wavevector k) is given by
where ϰ is the solution to the dispersion Eq. (14) . The complex shear modulus of each viscoelastic medium consists of a storage modulus (the real part) and a loss modulus (the imaginary part). We write
where g΄ and G΄ (g΄΄ and G΄΄) are the storage (loss) moduli of the middle and top layer, respectively. In order to arrive at analytical expressions for the phase velocity shift and attenuation coefficient, we consider the limiting case of an acoustically thin middle layer in a bulk (semi-infinite) top layer. For a bulk top layer, Eq. (15) is simplified:
(In taking this limit, we assumed that Re(ξ 2 Δh) N 0.) For a thin õmiddle layer, we can expand in the small parameter ξ 1 h≪1. We then find that, to linear order, the phase velocity shift is given by
and the attenuation coefficient is given by
where we have enclosed the middle layer surface mass density [hρ 1 ] in brackets for emphasis, since it is of primary importance in sensor applications. Here we have defined
where
Both the phase velocity shift (Eq. (20)) and the attenuation coefficient (Eq. (21)) contain a contribution from the viscoelasticity of the bulk top layer which does not depend on the middle layer surface mass density [hρ 1 ], a "bulk term". The coefficient of the surface mass density, the mass sensitivity, depends on a combination of the viscoelastic parameters for both overlayers. Not taking this viscoelastic coupling is into account would lead to e.g., an erroneous estimate of the deposited surface mass.
If we consider the special case of a Newtonian liquid top layer, G' = 0, G″ = η 2 ω, we recover the results of ref. [31] , Eqs. (8) and (9), plus an additional bulk term in the velocity shift, η 2 2 ω 2 /(2μ 0 2 ), which for reasonable SAW working frequencies (~100 MHz) in water (or liquids of comparable viscosity) is negligible (~10 − 10 ). In the case of higher frequencies and/or more viscous liquids however, this bulk term becomes significant, as will be seen in Section 3.2. The assumption of a thin middle layer, under which Eqs. (20) and (21) were derived, is equivalent to a layer thickness satisfying h ≪| Re(1/ξ 1 )| and h ≪| Im(1/ξ 1 )|. Contour plots of the real and imaginary parts of ξ 1 , for a range of middle layer parameters are given in Fig. 2 , for the frequency f = 100 MHz and film mass density ρ = 1.0 g/cm 3 .
Numerical analysis using a Voigt-Maxwell scheme
To study the influence of the viscoelastic coupling in the system, we performed numerical calculations using viscoelastic parameters taken from experiments. We plot the shift in phase velocity Δv/v 0 and the scaled attenuation coefficient Γ / k against middle layer (film) thickness h for various systems and two different frequencies, with the top taken as a bulk medium (Δh → ∞). For substrate parameters, we used quartz values, μ 0 =C 44 = 58 GPa and mass density ρ 0 =2.6 g/cm 3 [32] . Viscoelastic moduli are, in general, frequency dependent. For our analysis, we simply employed two simple and well-known models for this dependence. The middle layer was chosen as either a rigid (elastic) polymer film or as a soft polymer film modeled as a Voigt material (viscoelastic solid), whereas the top bulk layer was chosen as either a Newtonian fluid or as a Maxwell material (viscoelastic fluid), see Fig. 3 . A Voigt material is a material described by the Voigt model of viscoelasticity, which can be represented by a spring (elasticity element) and a dashpot (viscosity element) connected in parallel; the total strain and stress is thus given by the sum of that of the spring and the dashpot.
Using this model, the storage and loss moduli of the film (middle layer) are given by
For low frequencies, a Voigt material behaves as an elastic solid, but it becomes more viscous and less elastic as the frequency increases. In the limit of infinite frequency, it behaves as a viscous liquid [33] .
In contrast, the Maxwell model of viscoelasticity is represented by a spring and a dashpot element connected in series. The stress in each component is then equal to the total stress. When this model is used for the bulk top layer, its storage and loss moduli are given by
For low frequencies, a Maxwell material behaves as a viscous liquid, but as the frequency increases it becomes increasingly elastic. The parameter μ ∞ is the acquired shear modulus in the limit of infinite frequency. A Voigt (Maxwell) material is sometimes referred to as a "viscoelastic solid (fluid)", due to its behavior at low frequencies [33] .
Soft and rigid films in viscous liquids
The rigid polymer film material is taken as PMMA, described by an elastic shear (storage) modulus g′ = μ 1 =0.15 MPa, and a mass density of 1.2 g/cm 3 [34]. For the soft polymer film, material parameters for PLL-PGA were adopted from [35] . In that experimental work, the shear modulus g′ = μ 1 =0.15 MPa and the shear viscosity η 1 = g ″ /ω=3.4 cP were extracted from QCM-D measurements using the Voigt model. The mass density of PLL-PGA is 1.5 g/cm 3 The solutions corresponding to the rigid (soft) film are shown as solid (dashed) lines in Figs. 4 and 5. The bulk top layer was either a Newtonian fluid (water, η 2 =0.89 cP) or a Maxwell fluid -a 32.9% glycerol/water mixture (parameters taken from ref. [36] and shown in Table 1 ). For a relatively low glycerol concentration of 32.9% and frequencies up to 100 MHz, as used in Figs. 4 and 5, a glycerol-water mixture is essentially a Newtonian fluid (G′ b bG ″ ). The main difference between water and the glycerol-water mixture is then the magnitude of the viscosity. For comparison with the two cases of viscous loading, we also present corresponding solutions for air as a top bulk layer (treated as a Newtonian fluid with low mass density and viscosity, ρ 2 =0.0012g/cm 3 , η 2 =0.018 cP). We considered two different dynamic regimes within range of SAW devices [3] -"low frequency" (f = 5 MHz) and "high frequency" (f = 100 MHz). The numerical results are shown as a family of curves in plots of the phase velocity shift Δv / v 0 and the scaled attenuation Γ / k. In Figs. 4 and 5., the curves corresponding to 32.9% glycerol are indicated with black squares (■), those corresponding to water with circles (○), and those corresponding to air are unmarked.
Figs. 4 and 5 reveal the important contributions of viscosity effects in the calculated SH-SAW characteristics. It is shown that the influence of (a) (b) Four different schemes for the three-layer system. In each scheme, the substrate (index 0) is modeled as an elastic solid (represented by a spring). In schemes A and C, the middle layer (index 1) is considered a rigid film, also an elastic solid (spring). In scheme A, the rigid film oscillates in a viscous top fluid (Newtonian, represented by a dashpot), whereas in scheme C the top fluid is a viscoelastic fluid, as described by the Maxwell model (spring and dashpot in series). In schemes B and D, the middle layer is a soft film whose viscoelasticity is described by the Voigt model (spring and dashpot in parallel). In scheme B, the soft film oscillates in a viscous top fluid (Newtonian, represented by a dashpot), whereas in scheme D the top fluid is a viscoelastic fluid, described by the Maxwell model (spring and dashpot in series).
(a) (b) Fig. 2 . Thin-film condition. The real (a) and negative imaginary (b) parts of 1/ξ 1 (in nm), for f = 100 MHz. The validity of the expansions (20) and (21) amounts to the film thickness h≪1/ξ 1 .
the top fluid viscosity is heavily dependent on the softness of the film. For a low viscosity top fluid, the phase velocity shift (Fig. 4) is different for rigid and soft polymer films. Comparing the curves for a rigid film (solid lines) in water (○) and a 32.9% glycerol/water solution (■), we see that the absolute value of the phase velocity shift |Δν/ν 0 | increases with the top fluid viscosity η 2 . On the other hand, comparing the corresponding curves (○ and ■) for the soft film (dashed lines), we observe that the absolute value of the velocity shift, |Δν/ν 0 |, is actually smaller for the more viscous top fluid (the glycerol-water mixture). In the linear regime, the change in slope with top fluid viscosity can be understood from the h-coefficient in Eq. (20) . This shows that neglecting the interplay between the film softness and the top fluid when interpreting velocity shift measurements can lead to an underestimation of the film thickness, and thus also its mass. This effect is analogous to the reduction in the resonance frequency shift for a QCM-D due to viscous coupling between a soft film and a viscous top fluid [18] . That effect has been referred to as "the missing mass effect" [19] . Here, we have demonstrated a similar effect for SH-SAW sensors. The soft-film plots (dashed lines) in Fig. 4b exhibit a turning point where the sign of the derivative of Δv/v 0 changes sign. This is a characteristic of soft films which has sometimes been called "tail-raising" [37, 38] and has been confirmed experimentally [39] . In the case of a rigid film, there is no tail-raising; the phase velocity is initially close to that in the substrate (v 0 ) but, as the film thickness increases, the velocity undergoes a sharp decrease and eventually approaches that in the film (v 1 ) [40, 4] . However, if the film is sufficiently soft (viscoelastic), the velocity does not undergo a sharp decrease from v 0 but instead shows tail-raising behavior, after which the velocity can even become larger than v 0 [39, 4] .
We now turn our attention to the attenuation coefficient (Fig. 5) . For low frequency, Fig. 5a shows a monotonic growth of the (scaled) attenuation coefficient Γ / q with shear viscosity η 2 of the top Newtonian fluid. However, at high frequency (Fig. 4b) , the curve corresponding to the soft film (dashed) in the glycerol-water mixture (■) has acquired a reduction in slope relative to the case of the soft film in water (○). Beyond a certain film thickness h, this curve drops below the curve corresponding to the case of pure water (dashed, ○), so an increased top fluid viscosity actually decreases the attenuation. This is contrary to the case of a rigid film, where a more viscous top fluid leads to more viscous losses and thus an increased attenuation. The analytical results (21), (22) , and (23) confirm this interplay between the softness of the film and the viscosity of the top fluid.
Soft and rigid films in viscoelastic glycerol-water mixtures
We will now investigate the effect of glycerol/water mixtures of different concentrations, ranging from 15.4% to 80% glycerol, together with both a rigid and a soft film and for low and high frequency (as before). The glycerol/water mixtures are modeled as viscoelastic fluids, so (referring to Fig. 3 ) we are working in schemes C (rigid film) and D (soft film). Parameter values for the glycerol/water mixtures, were taken from ref. [36] and are given for reference in Table 1 . Glycerol/ water mixtures are of particular interest, since they have been used for calibration of biosensors [14] .
By comparing Fig. 6a and b, we can see that the phase velocity shift for the case of a rigid film is qualitatively similar for both low and high frequency (although for high frequency, the curves are slightly nonlinear). Increasing the concentration of glycerol increases the negativity of the slope of Δv/v 0 as a function of film thickness h. This is essentially the well-known increase in mass sensitivity for SAW sensors when operated in a viscous liquid [31] . For low concentrations, the h-independent bulk term is negligible. However, as the glycerol concentration increases, the velocity shift changes sign since the growing h-independent bulk term increasingly dominates the thin-film deviation from v 0 .
In contrast, for the case of the soft film, the plots of the velocity shift, Fig. 7 , appear qualitatively different for low and high frequency. For both frequencies, the minimum velocity (lowest point in the plots) is attained for the lowest glycerol concentration, 15.4%. For this concentration, the Δv / v 0 curve has an initially negative slope but eventually reaches a turning point where the derivative changes sign. When the concentration of glycerol is increased, this turning point is shifted upwards and to the left in the plot. The shift upwards means that the phase velocity shift Δv / v 0 as well as the initial slope of the curve (the thin-film mass sensitivity) changes sign for some critical concentration of glycerol, approximately 60%, corresponding to η 2 ≈10 cP. The shift to the left means that the turning point is reached for lower film thicknesses h for higher glycerol concentrations. It is apparent that both the (a) (b) magnitude and the sign of the phase velocity shift for a soft film in a glycerol-water mixture depend on frequency. Analysis of the plots of the attenuation coefficient yields a similar pattern. For the rigid film (Fig. 8) , the behavior is qualitatively similar for different frequencies; for increasing glycerol concentration, we observe a constant shift of the curves, corresponding to a bulk contribution, as well as an increase in the slope. For the soft film however (Fig. 9) , we see slopes of both signs in the thin-film region.
Determining the viscoelastic parameters via measurement
Finally, we consider a soft film (Voigt model) of unknown material parameters μ 1 and η 1 , with thickness h = 5 nm and mass density ρ 1 = 0.8g/cm 3 . The parameter range is chosen such as to encompass the values known for lipid bilayers [16] . As a bulk top fluid, we consider water, a Newtonian liquid (scheme B, see Fig. 3 ). We consider only high frequency (f = 100 MHz). Contour plots of the phase velocity shift and the attenuation coefficient are shown in Fig. 10 . One contour line from the velocity plot (dashed white line) is transposed onto the corresponding attenuation plot. A velocity measurement yielding a value corresponding to the dashed white line implies that the film parameters lie on this line in parameter space, but it alone cannot disentangle the film elasticity and viscosity. However, an attenuation measurement can resolve this ambiguity by finding the position on the dashed white line consistent with the measured attenuation. This demonstrates the need for simultaneous velocity and attenuation measurements when attempting to discern viscoelastic parameters. The case depicted in Fig. 10 requires a very fine resolution of the measured characteristics (on the order of 0.1 ppm). To remedy this, we can replace the water with a fluid of higher viscosity, yielding a higher mass sensitivity. We thus consider the same variable soft film in high frequency, but replace the water with an 80.00% glycerol/ water mixture, a Maxwellian fluid (scheme D see Fig. 3 ). (We choose this extreme for demonstrative purposes.) Contour plots are shown in Fig. 11 . While the sensitivity has been increased, we observe that, for the given thickness and in large regions of film-parameter space, the real part of the solution to Eq. (14) becomes zero or even negative, Re (ϰ) ≤ 0, corresponding to a depth delocalization of the wave (see Eq. (2). This indicates that, for certain parameters, SH-SAW solutions cannot exist. We confirmed that this is not due to a violation of the Love condition, v 1 b v 0 , but is in fact caused by viscoelasticity. It might be understood as the viscoelasticity creating effective boundary conditions on the substrate surface which are incompatible with SH-SAWs. Further calculations revealed that this vanishing of SH-SAW solutions appears only for viscoelastic films, with onset beyond a critical film thickness. This critical thickness can be very small, as can be seen from Fig. 11 , for which h = 5 nm. As the film thickness h is increased, the support for SH-SAW solutions is periodically restored and destroyed in a repeating pattern reminiscent of the observed resonance patterns for acoustically thick elastic films [41] . This phenomenon, viscoelastic destruction of SH-SAW solutions, can appear even without any viscoelastic loading (no top layer). However, viscoelastic loading can significantly affect it, as shown by Figs. 10 and 11 .
The possibility of a viscoelasticity-induced destruction of SH-SAWs must be taken into account when operating SH-SAW sensors with soft films, and could be an important consideration in biosensing experiments.
(a) (b) 
Conclusions
We theoretically studied the interplay between the viscoelasticity of a film and that of a top fluid for SH-SAW sensors, modeled as a three-layer structure. This model, a soft film in a (viscoelastic) fluid, simulates the experimental conditions common for biosensors. From the dispersion equation, we derived analytical expressions (in the case of a thin film in a bulk fluid) for the phase velocity shift and the attenuation of SH-SAWs as a function of the storage and loss moduli, and the mass densities, of the two viscoelastic materials, Eqs. (20) and (21) . Numerical calculations performed for selected examples of viscoelastic materials confirmed the analytical results, illustrating a so-called "missing mass effect" [42, 18, 31, 19] , a correction to the phase velocity shift and the attenuation coefficient due to viscoelastic coupling between the overlayers. The analytical expression derived in this work could prove useful in the interpretation of SH-SAW sensor data for soft films in liquid-phase environments, e.g., biosensor applications.
Glycerol/water mixtures of different glycerol concentrations were studied numerically using a combined Maxwell-Voigt scheme in Section 3.2, in order to clarify the role of viscoelastic fluid loading. Glycerol/water deserve special consideration since this mixture has been used for calibration of SH-SAW devices when measuring liposome or protein adsorption, and it has been shown that at higher concentrations these mixtures become increasingly Maxwellian [14] .
For certain soft films, numerical calculations showed that the validity of SH-SAW solutions vanishes above a critical film thickness which depends on the viscoelastic parameters of both the film and the top fluid. The possibility of SH-SAWs being destroyed by viscoelastic coupling could be an important consideration in biosensing experiments. 
